In this note, we give an example of a densely defined non-closable paranormal operator. Then, we give another example of a densely defined closable paranormal operator whose closure fails to be paranormal. These two examples are simpler than those which first appeared in [1] . It is worth noticing that our first example tells us that the adjoint of a densely defined paranormal operator may have a trivial domain.
Introduction
First, we assume readers familiar with basic notions and results about linear unbounded operators, as well as matrices of non necessarily bounded operators. Two useful references are [3] and [4] respectively. Some basic knowledge of the L 2 (R)-Fourier transform (denoted by F throughout the paper) is also needed.
Recall that a linear operator B with a domain D(B) is called an extension of another linear operator A (with a domain D(A)), and we write A ⊂ B, if A linear operator A is said to be densely defined if D(A) = H. Say that a linear operator A is closed if its graph is closed in H ⊕ H. A linear operator A is called closable if it has a closed extension, the smallest (w.r.t. "⊂") closed extension is called its closure and is denoted by A. It is also known that a densely defined linear operator A is closable if and only if D(A * ) is dense in H.
Recall also that a linear operator A :
. This is clearly equivalent to Ax 2 ≤ A 2 x for all unit vectors x ∈ D(A 2 ).
Recall that C ∞ 0 (R) denotes here the space of infinitely differentiable functions with compact support. The following result, whose proof relies upon the Paley-Wiener's theorem, is well known.
Note in the end that we tolerate the abuse of notation A(x 1 , x 2 ) instead of A
x 1 x 2 in the case of a matrix of operators A. (Non necessarily bounded) Quasinormal, subnormal and hyponormal operators are all closable. The closability of hyponormal operators (which is obvious) suffices for the closability of other two classes thanks to the usual inclusion Quasinormal ⊂ Subnormal ⊂ Hyponormal.
However, as is known, every hyponormal operator is paranormal and so it is natural to ask whether paranormal operators are closable? Another natural question is whether a closable paranormal operator must have a paranormal closure? These two questions were first answered negatively by A. Daniluk in [1] , after having remained open for some while. Daniluk's counterexamples were not too complicated but they did require quite a few results before getting to the final counterexamples. The main aim of this paper is to provide simpler counterexamples than Daniluk's.
Main Counterexamples
First, we give an example of a densely defined linear operator T with domain D(T ) such that T is a non closable paranormal operator. Incidentally, it may well happen that a densely defined paranormal operator T satisfies D(T * ) = {0} (unlike other classes such as symmetric and quasinormal operators). [2] for all the details).
Then for x ∈ D(T 2 ) = {0} T x 2 = T 2 x x = 0, i.e. T is trivially paranormal. Since also D(T * ) = {0}, T cannot be closable.
Next, we exhibit a closable densely defined paranormal operator T such that its closure T is not paranormal. Example 2.2. Let F be the usual L 2 (R)-Fourier transform and let A be the restriction of F to the dense subspace C ∞ 0 (R). Now, define
F 0 and the latter is clearly closed (in fact everywhere defined and bounded), T is closable.
Since
it results that D(T 2 ) = {(0, 0)}. So T is paranormal (as in the above argument). It only remains to show that T is not paranormal. Clearly,
In particular, this would be true for some (0, g) with g 2 = 0, where · 2 denotes the usual L 2 (R)-norm. That is, we would have F g 2 2 ≤ 1 2 F 2 g 2 g 2 .
By invoking the Plancherel's theorem F g 2 = g 2 , and by the general theory, F 2 g(x) = g(−x). Therefore, the previous inequality would become g 2 2 ≤ 1 2 g 2 g 2 or merely 1 ≤ 1 2 which is absurd. Accordingly, T is not paranormal, as wished.
